Abstract. We consider numerical approximations to solutions of systems of hyperbolic conservation laws of the form du/dt + df(u)/dx = 0, u s R" and/: R" -> R" smooth. We show that conservative three-point second-order accurate methods cannot satisfy a local entropy inequality.
1. Introduction. We consider numerical approximations to solutions of systems of hyperbolic conservation laws of the form (i.« l» + ¿/(»)-°.
where u e jR" and /: R" -* R" is smooth. It is well-known that, even with smooth initial data, globally defined classical solutions do not exist, due to the development of shock waves. In the enlarged class of discontinuous solutions, uniqueness is lost in general, and one is faced with the problem of choosing the unique physically relevant solution. The traditional criterion for admissibility for solutions is based on entropy dissipation and requires that (1.2) ¿n(«) + ¿9(«)<0, where n, q is a generalized convex entropy pair in the sense of Lax [2J. In order to establish convergence of numerical methods of classical finite-difference schemes it is necessary to satisfy the entropy condition above. One obvious attack is to derive a discrete entropy inequality of the form (1.3) Dtrt + Dxq < 0.
This can be achieved for a class of first-order methods and provides a convenient way of verifying the entropy condition (1.2). It was shown by Lax [2] that if the system of conservation laws (1.1) admits a strictly convex entropy, then all weak solutions of (1.1) which are limits of the Lax-Friedrichs scheme will satisfy the discrete entropy inequality (1.3), provided the Courant-Friedrichs-Lewy constant is small enough. It is natural to ask if this result can be extended to second-order accurate methods. In this paper we provide a negative answer to this question.
Specifically, for conservative three-point second-order accurate methods we show that an inequality of the form
At Ax cannot hold for any convex entropy tj. Here u = u(x, t + At), v = u(x -Ax, t), w = u(x + Ax, t), z = u(x, t) and the numerical flux Q satisfies the standard consistency condition Q(u,u) = q(u).
Thus the analysis of the entropy production for second-order accurate methods is not a purely local problem. In [4], Majda and Osher construct a simple modification of the Lax-Wendroff scheme which retains the features of conservation form, three-point scheme, and second-order accuracy. The scheme is obtained by adding a nonlinear viscosity term to the classical Lax-Wendroff operator. They show that if the solutions to this scheme converge boundedly a.e. to a function u, then there is a weak solution of (1.1) which satisfies the entropy condition (1.2) with -q(u) = \u2 and q(u) = /0" sf'(s) ds. Finally, we would like to mention that basic L2 stability estimates for conservative second-order accurate schemes have been established by Engquist and Osher [1] and by Majda and Osher [4] . These estimates provide a starting point on the attack of the convergence problem using the theory of compensated compactness [5] , [6] , [7] .
2. The Entropy Inequality for Second-Order Schemes. We consider numerical appoximations to weak solutions of strictly hyperbolic systems of conservation laws of the form (2.1) u, +/(«), = 0.
Here u e R" and/: R" -» R" is a smooth nonlinear mapping. The condition of strict hyperbolicity requires the Jacobian Df = df'/duj to have n linearly independent eigenvectors. The conservation laws under consideration admit a strictly convex entropy function tj(u). We recall that a pair of functions tj(m), q(u) is called a generalized entropy, entropy flux pair for (2.1) if
holds identically for any smooth vector field u(x, t) which satisfies (2.1). We note that (2.2) is equivalent to the compatibility condition
This condition follows carrying out the differentiation in (2.3) and multiplying Eq.
(2.1) by Vi), i.e., Vt/h, + Vt}V/ux = 0, Vtjm, + Vqux = 0.
As is well-known, the initial value problem (2.1) does not have, in general, global classical solutions and one has to look for weak solutions (bounded measurable functions which satisfy (2.1) in the sense of distributions). In this setting, uniqueness is lost. In the class of genuine nonlinear hyperbolic conservation laws which admit a strictly convex entropy, the physical relevant solution is selected by the following criterion.
Entropy admissibility criterion: Let tj(h) be a strictly convex entropy for (2.1) with entropy flux q(u). A weak solution u(x, t) of (2.1) is called admissible if it
in the sense of distributions.
We will show that a discrete version of (2.4) for conservative three-point secondorder accurate schemes cannot be achieved for any strictly convex entropy tj. Specifically, we consider explicit three-point conservation schemes [3] :
Here Au is the forward time difference
g is a vector-valued function of two vector arguments which reduces to / when its arguments are equal
and A g is the symmetric space difference
We recall that condition (2.6) ensures the consistency of the scheme (2.5) with the system (2.1) in the following sense. Let v(x, t) be a solution of the difference scheme (2.5) (define for the sake of convenience v(x, t) = v(x, t'), when t is a noninteger multiple of Ai, where t' = At[t/At]). If v(x, t) converges boundedly a.e. to some function u(x, t) as Ax and At tend to zero then u(x, t) is a weak solution of (2.1) [3] . We recall that in [2] , Lax shows under the appropriate restrictions for the Courant-Friedrichs-Lewy number, that the Lax-Friedrichs scheme for systems satisfies the entropy inequality (2.4). The method used is to show that the discrete entropy inequality D,n + Dxq < 0 holds. Here Dt and Dx are the difference operators corresponding to the LaxFriedrichs scheme, i.e., _ 1 f .
where T(h) is translation in t by the amount h and S(k) is translation in x by the amount k. We will show that the method used for the L-F scheme will not extend to three-point conservative second-order accurate schemes. Specifically, we show that a discrete entropy inequality of the form
cannot hold for any strictly convex entropy tj. Here, the numerical flux is supposed to satisfy the standard consistency condition Q(u,u) = q(u) and u = u(x, t + At), v = u(x -Ax, t), w = u(x + Ax, t), z = u(x, t).
System (2.1) was assumed hyperbolic, that is, v/ has n linearly independent eigenvectors rj(u) satisfying
where Xj(u) are the eigenvalues of v/.
Theorem 2.1. Let 17, q: R" -» R be an entropy, entropy flux pair corresponding to (2.1) with 17 g C2. Let g: (R")2 -* R satisfy the consistency property g(u, u) = f(u).
Define Tvq(R")3 X R + ^ R by
where Q: (R")2 -» R reduces on the diagonal to q, i.e., Q(u,u) = q(u), and u is defined by
Then for all strictly convex tj(h) the following inequality does not hold TvJz,v,w,X)^0.
Proof. For notational convenience we let
T^q(z,v,w, X) = T(z,v,w).
We note that with the choice of v = u(x -Ax, t), w = u(x + Ax, t), z = u(x, t) and X = At/Ax, the theorem states that the discrete entropy inequality (2.7) does not hold. We will show that for any fixed z there exist points v and' w near z such that T(v,w) = T(z,v,w) > 0.
We choose v and w so that they are connected by a/-simple wave through the point z. Such points always exist since/-waves are integral curves of ordinary differential equations. For completeness, we recall the definition of a/-simple wave. Definition. A/-simple wave curve through u0 is a solution w(e, u0) of -¿¡u(z, u0) = rj(u(e, u0)), u(0, u0) = u0, where r¡ is the/th right eigenvector of v/, i.e., it satisfies (2.8). 
